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Abstract 

In this paper we construct a distinguished Riemannian geometrization 
on the dual 1-jet space J^*(T, M) for the multi-time quadratic Hamilto- 
nian function 

H = hab{t)g'\t,x)pip) + [/('^] (t, + T{t,x). 

Our geometrization includes a nonlinear connection A^, a generalized Car- 
tan canonical A^-linear connection CV{N) (together with its local d-torsions 
and d-curvatures), naturally provided by the given quadratic Hamiltonian 
function depending on polymomenta. 

2010 Mathematics Subject Classification: 70S05, 53C07, 53C80. 

Key words and phrases: dual 1-jet spaces, metrical multi-time Hamilton 
spaces, nonlinear connections, generalized Cartan canonical TV-linear connec- 
tion, d-torsions and d-curvatures. 

1 Short introduction 

In the last decades, numerous scientists were preoccupied by the geometrization 
of Hamiltonians depending on polymomenta. In such a perspective, we point 
out that the Hamiltonian geometrizations are achieved in three distinct ways: 

♦ the multisymplectic Hamiltonian geometry — developed by Gotay, Isen- 
berg, Marsden, Montgomery and their co-workers (see [10], [9]); 

♦ the polysymplectic Hamiltonian geometry — elaborated by Giachetta, Man- 
giarotti and Sardanashvily (see [7], [5]); 

♦ the De Bonder- Weyl Hamiltonian geometry ~ studied by Kanatchikov 

(see m, m. m)- 

In such a geometrical context, the recent studies of Atanasiu and Neagu (see 
the papers [1], [5] and [5]) are initiating the new way of distinguished Rieman- 
nian geometrization for Hamiltonians depending on polymomenta, which is in 
fact a natural "multi-time" extension of the already classical Hamiltonian ge- 
ometry on cotangent bundles synthesized in the Miron et al.'s book [TB]. Note 
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that our distinguished Ricmannian geometrization for Hamiltonians depending 
on polymomenta is different one by all three Hamiltonian geometrizations from 
above (multisymplectic, polysymplectic and De Bonder- Weyl). 

2 Metrical multi-time Hamilton spaces 

Let us consider that h = [hah (i)) is a semi-Riemannian metric on the "multi- 
time" [temporal) manifold 7~™, where m = dim 7". Let g = [jj^-' [f^ t x'^ , p^)) be 
a symmetric d-tensor on the dual 1-jet space E* = J^*{T, M"), which has the 
rank n = dim M and a constant signature. At the same time, let us consider a 
smooth multi-time Hamiltonian function 

which yields the fundamental vertical metrical d-tensor 

(a)(b) 2dpfdpy 
where a,b= l,..,m and i,j = l,...,n. 

Definition 1 A multi-time Hamiltonian function H : E* ^ M., having the 
fundamental vertical metrical d-tensor of the form 

is called a Kronecker h-regular multi-time Hamiltonian function. 

In such a context, we can introduce the following important geometrical 

concept: 

Definition 2 A pair MH^^ = (E* = J^*{T,M),H), where m = dimT and 
n = dimM, consisting of the dual 1-jet space and a Kronecker h-regular multi- 
time Hamiltonian function H : E* ^ R, is called a multi-time Hamilton 
space. 

Remark 3 In the particular case {T,h) = {R,6), a "single-time" Hamilton 
space will be also called a relativistic rheonomic Hamilton space and it 

will he denoted by RRH"- = {J'^*{R,M),H). 

Example 4 Let us consider the Kronecker h-regular multi-time Hamiltonian 
function iJi :£*—>■ M given by 

Hi = —h,b{t)^'^{x)p1p], (1) 

where hab{t) ((Pij{x), respectively) is a semi-Riemannian metric on the temporal 
(spatial, respectively) manifold T (M, respectively) having the physical mean- 
ing of gravitational potentials, and m and c are the known constants from 
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Theoretical Physics representing the mass of the test body and the speed of 
light. Then, the multi-time Hamilton space QMH^ ~ {E*,Hi) is called the 
multi-time Hamilton space of the gravitational field. 

Example 5 If we consider on E* a symmetric d-tensor field g^^ {t,x), having 
the rank n and a constant signature, we can define the Kronecker h-regular 
multi-time Hamiltonian function H2 : -B* — 5- R, by setting 

H2 = Kb^^it, x)p1p] + C/g(t, x)p1 + F{t, x), (2) 

where uj^^J^{t,x) is a d-tensor field on E* , and J-(t,x) is a function on E* . Then, 
the multi-time Hamilton space AfSVMH^ = (E* , H2) is called the non-auto- 
nomous multi-time Hamilton space of electrodynamics. The dynamical 
character of the gravitational potentials gij{t,x) (i.e., the dependence on the 
temporal coordinates f^) motivated us to use the word " non- autonomous" . 

An important role for the subsequent devefopment of our distinguished Rie- 
mannian geometrical theory for multi-time Hamilton spaces is represented by 
the following result (proved in the paper [J]): 

Theorem 6 // we have m = dim 7" > 2, then the following statements are 
equivalent: 

(i) H is a Kronecker h-regular multi-time Hamiltonian function on E* . 

(ii) The multi-time Hamiltonian function H reduces to a multi-time Hamil- 
tonian function of non- autonomous electrodynamic type. In other words we 
have 

H = habit)g'^ [t, x)pfp'^ + ;7f2 (t, x)pf + F{t, x). (3) 

Corollary 7 The fundamental vertical metrical d-tensor of a Kronecker h- 
regular multi-time Hamiltonian function H has the form 



_ 1 d'^H _ { hn{t)g'^t,x'',pl), m = dimT = 1 
'(-)(b) - 2dpfdp>^ " 1 hab{t')g'Ht^,x''), m = dimr>2. 



We recall that the transformations of coordinates on the dual 1-jet vector 
bundle J^*{T, M) are given by 



where det {dt"" /dt^^ ^ and det [dx"^ /dx^^ ^ 0. In this context, let us introduce 
the following important geometrical concept: 

Definition 8 A pair of local functions on E* ~ J^*{T,M), denoted by 
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whose local components obey the transformation rules 
~ (b) _ (c) dt^dx^ _ ap| 

1 ^'^'W ~ 1 ^''^"WW ^ at^' 

~ (b) dx'' _ (c) a? dx'' 



is called a nonlinear connection on E* . The components N(^i^], (resp. N^flj) 
are called the temporal (resp. spatial) components of N. 

Following now the geometrical ideas of Miron from [T^ , the paper [31 proves 
that any Kronecker /i-regular multi-time Hamiltonian function H produces a 
natural nonlinear connection on the dual 1-jet space E* , which depends only by 
the given Hamiltonian function H: 

Theorem 9 The pair of local functions N = (^-^[i-lb^ '"^ ^* ^ where (x^^ 

are the Christoffel symbols of the semi-Riemannian temporal metric hab ) 

{i)b — XbcPi ' 



N 

2 



(a) _ 
{i)3 - 



dgij OH dgij OH d'H d'H 



dx^ dp\. dp\. dx^ ' dxWp\ ^''^'dx'^dp\. 



represents a nonlinear connection on E* , which is called the canonical non- 
linear connection of the multi-time Hamilton space MH^^^ — {E*,H). 

Taking into account the Theorem[6]and using the generalized spatial Christof- 
fel symbols of the d-tensor gij, which are given by 

k _ 9^^ ( dgu , dgij dg,j 



^ 2 \dx^ ' dx' dx^ 
we immediately obtain the following geometrical result: 

Corollary 10 For m — dim 7" > 2, the canonical nonlinear connection N of 
a multi-time Hamilton space MH^^ = {E*,H), whose Hamiltonian function is 
given by (0), has the components 

jSTi<^) _ c 
^{ {i)b ~ XbcPt ' 



where 



and 



U^b = g^k C/g : Ukb,r ^^-UsbTl,- 
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3 The Cartan canonical connection Cr{N) of a 
metrical multi-time Hamilton space 

Let us consider that MHJ^ = {J^* {T, M), H) is a multi-time Hamilton space, 
whose fundamental vertical metrical d-tensor is given by Q. Let 

be the canonical nonlinear connection of the multi-time Hamilton space M . 

Theorem 11 (the generalized Cartan canonical A^-linear connection) 

On the multi-time Hamilton space MH^ = {J^*{T,M),H), endowed with the 
canonical nonlinear connection N, there exists an unique h-normal N-linear 
connection 

CnN) = (xL, ^fe, C'S) ' 
having the metrical properties: 

(k) 

where "/a'\ "\k" o,Tid represent the local covariant derivatives of the h- 

normal N-linear connection CT{N). 

Proof. Let Cr(-/V) = {xbc-> ^Jc -^j/c ^i(cj) be an /i-normal A^-linear connec- 
tion, whose local coefficients are defined by the relations 

Aa ^^a M ^ 9^5gij_ 

^bc Abc^ ^jc 2 Sf^ ' 

rji 5*'' f Sgjr , Sgkr Sgjk 



o 



2 V 5x^ Sxi 6x^ 

,j{k)^ _9ir_ ( dg^ dg^ _ dg^ 
2 I dpi dp-j dp'f 



Taking into account the local expressions of the local covariant derivatives in- 
duced by the /i-normal iV-linear connection CT{N), by local calculations, we 
deduce that CT{N) satisfies conditions (i) and (ii). 

Conversely, let us consider an /i-normal A^-linear connection 

CT{N) = [Al, A),, H},, (Tjg) 
which satisfies conditions (i) and (ii). It follows that we have 

9'' Sgi, 



= — — 



2 St'' 
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Moreover, the metrical condition gij\k = is equivalent with 

Applying now a ChristofFel process to indices {«, j, fc}, we find 
fri ^ff_( ^ , ^9kr_ _ Sgjk \ 

By analogy, using the relations C^l^j = ^j^l) ^-nd = 0, together with 

a Christoffel process applied to indices {i,j, k}, we obtain 

2 1^ dpi dp'j dp'f. ) ■ 

In conclusion, the uniqueness of the generalized Cartan canonical connection 
CT{N) on the dual 1-jet space E* ^ J^*{T, M) is clear. ■ 

Remark 12 (i) Replacing the canonical nonlinear connection N of the multi- 
time Hamilton space MH^ with an arbitrary nonlinear connection N, the pre- 
ceding Theorem holds good. 

(ii) The generalized Cartan canonical connection CT{N) of the multi-time 
Hamilton space MH"^ verifies also the metrical properties 

hab/c — hab\k — hab\(c) ~ ^' 9ij/c = 0. 

(iii) In the case m ~ dim 7" > 2, the coefficients of the generalized Cartan 
canonical connection CT{N) of the multi-time Hamilton space MH^ reduce to 

^bc — Xbci i''~~2~diF' -"jfc— ^jTc: S(c) ~ ^- W 

4 Local d-torsions and d-curvatures of the gen- 
eralized Cartan canonical connection CT(A^) 

Applying the formulas that determine the local d-torsions and d-curvatures of 
an /i-normal iV-linear connection DT{N) (see these formulas in [22 ) to the gen- 
eralized Cartan canonical connection Cr(iV), we obtain the following important 
geometrical results: 

Theorem 13 The torsion tensor T of the generalized Cartan canonical connec- 
tion CT{N) of the multi-time Hamilton space MH^ is determined by the local 
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(i) for TO — dim 7" = 1 , we have 
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(ii) /or TO — dim 7" > 2, using the equality and the notations 

p)fb Q-j-a ~^^faXdb XfbXdai 



dtb 



dV 



kj 
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Y'P pr 



we have 
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Theorem 14 The curvature tensor R oj the generalized Cartan canonical con- 
nection CT[N) of the multi-time Hamilton space MH^ is determined by the 
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following adapted local curvature d-tensors: 
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where, for m>2, we have the relations 
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and, generally, the following formulas are true: 
(i) for m — diniT — 1, we have Xiii — 'i"'^ 



r.1 _SAl, 
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(ii) for m = dimT > 2, we have 
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